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76. 


ON THE TRIPLE TANGENT PLANES OF SURFACES OF THE 
THIRD ORDER. 


[From the Cambridge and Dublin Mathematical Journal, vol. Iv. (1849), pp. 118—132.]. 


A SURFACE of the third order contains in general a certain number of straight 
lines Any plane through one of these lines intersects the surface in the line and in 
a conie, that is in a curve or system of the third order having two double points. 
Such a plane is therefore a double tangent plane of the surface, the double points (or 
points where the line and conic intersect) being the points of contact. By properly 
determining the plane, the conic will reduce itself to a pair of straight lines, Here 
the plane intersects the surface in three straight lines, that is in a curve or system of 
the third order having three double points, and the plane is therefore a triple tangent 
plane, the three double points or points of intersection of the lines taken two and 
two together being the points of contact. The number of lines and triple tangent 
planes is determined by means of a theorem very easily demonstrated, viz. that through 
each line there may be drawn five (and only five) triple tangent planes. Thus, 
considering any triple tangent plane, through each of the three lines in this plane 
there may be drawn (in addition to the plane in question) four triple tangent planes: 
these twelve new planes give rise to twenty-four new lines upon the surface, making 
up with the former three lines, twenty-seven lines upon the surface. It is clear that 
there can be no lines upon the surface besides these twenty-seven; for since the three 
lines upon the triple tangent plane are the complete intersection of this plane with 
the surface, every other line upon the surface must meet the triple tangent plane in 
a point upon one of the three lines, and must therefore lie in a plane passing through 
one of these lines, such plane (since it meets the surface in two lines and therefore 
in a third line) being obviously a triple tangent plane. Hence the whole number of 
lines upon the surface is twenty-seven; and it immediately follows that the number 
of triple tangent planes is forty-five. The number of lines upon the surface may also 
be obtained by the following method, which has the advantage of not assuming 
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à priori the existence of a line upon the surface. Imagine the cone having for its 
vertex a given point not upon the surface and circumscribed about the surface, every 
double tangent plane of the cone is also a double tangent plane of the surface, and 
therefore intersects the surface in a straight line (and a conic). And, conversely, if 
there be any line upon the surface, the plane through this line and the vertex of the 
cone will be a double tangent plane of the cone. Hence the number of double tangent 
planes of the cones is precisely that of the lines upon the surface. By the theorems 
in Mr [Dr] Salmon’s paper “On the degree of a surface reciprocal to a given one,’ 
Journal, vol. 11. [1847] p. 65, the cone is of the sixth order and has no double lines 
and six cuspidal lines: hence by the formula in Plücker's “Theorie der algebraischen 
Curven,” [1839] p. 211, stated so as to apply to cones instead of plane curves, viz. n 
being the order, x the number of double lines, y that of the cuspidal lines, w that of 
the double tangent planes, then 


u — 4n (n — 2) (n? — 9) — (2x + 3y) (i? — n — 6) + 2z (æ — 1) + Bay + $y (y — 1), 


the number of double tangent planes is twenty-seven, which is therefore also the 
number of lines upon the surface. 


Suppose the equation of one of the triple tangent planes to be w = 0, and let 
x=0, y=0, be the equation of any two triple tangent planes intersecting the plane 
w=0 in two of the lines in which it meets the surface. Let z=0 be the equation 
of a triple tangent plane meeting w=0 in the remaining line in which it intersects 
the surface. The equation of the surface of the third order is in every case of the 
form wP + kæyz=0, P being a function of the second order, but of the four different 
planes which the equation z —0 may be supposed to represent, one of them such 
that the function P resolves itself into the product of a pair of factors, and for the 
remaining three this resolution into factors does .not take place. This will be obvious 
from the sequel: at present I shall suppose that the plane z=0 is of the latter class, 
or that P=0 represents a proper surface of the second order. Since s» —0, y —0, 2 — 0, 
are treble tangent planes of the surface, each of these planes must be a tangent 
plane of the surface of the second order P —0, and this will be the case if we assume 


P= + yH w 


1 P $ 
+ (one) ent) eer) eni) em) 


and considering v, y, z and w as each of them implicitly containing an arbitrary 
constant, this is the most general function which satisfies the conditions in question. 


We are thus led to the equation of the surface of the third order: 
U-w yeh 


1 1 1 1 1 1 
yz (mn + E +20(nl +) + ay (Im + Tat 2w (1+ i) + yw (m +=) + zw (n x) Hye - 
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I have found that by expressing the parameter k in the particular form 


ES rri — eae 
2 (p- imn — 1) 


imn 


or, as this equation may be more conveniently written, 


P-e 
zs 2(p—a)’ 


the equations of all the planes are expressible in a rational form. These equations are 
in fact the following: [I have added, here and in the table p. 450, the reference 
numbers 12’, 23’, &c. constituting a different notation for the lines and planes.] 


1 
a=lmn+ >» B=lmn- z ® 


(w) a EATE E S EEE De TE T N A A EEE 12’ 
ale 1 1 a 

(8) semp eneew ez (1-7) ( -3)(^75)| =0, ees SS 23 
JA A. LY eho la REE) L, / 

() j£ +w|1+7( 7) (m )( -2)|-* 25. 31 
"REMAIN pe a ORD =A Ny OI 9 e PELNDEDEN 12.34.56 
(y) en MC TRIN CIC UO UA DEN te Mist Rui re NP 42’ 
(z) BN is ee LBL Loin the hs digo den ao BY heli egy oir exe eode bho ae 14 
1 1 1 , 

(E) z*x(n- 5) (n-;)w-o. D ue acc. 12 
1 1 1 

(n) y*x(^-;)0- 7 IST SUR. ESAP ER. MEN NENO 2/3 
Ir 4 1 , 

(2) 2+; (t-7)( "tlidibaen 0s EE E (eren 31 
[ee tes i , 

(f) le T BEE, Qioeeresece tbe E a E E A eni 41 
(g) 1 + my += Ae n CN Peas pens EERE aide aden TE NS 84 
(h) 7+2 rq vov vcr a VN” AMNIS OS. 13.24.56 


1 A somewhat more elegant form is obtained by writing p=2q +a; this gives 


2 1 
"s: (q + lmn) (s) , &C 
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(y) 
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T tmy+nz+w=0, a nae redeoueeas d. ied Miseni 24! 
lt pnspumÜO, sese 14.23.56 
la + my + =+w=0, b. SONA, LEICA Mie adm DOE id 43 
l (p — a) + 2mn 
æ + c] eM Choco 12.35.46 
pt 
y «EO EP p, ECT hn Camels T 52’ 
n (p — a) + 2lm , 
+ SME," endea botot E et RE une 15 
z UEM 
(paja. 
pu ut PIE urea enty torin, ic 12.36.45 
p-B 
1 2 
POT 
y dn B ee nk, es a gc nime crm, ma 62’ 
R= 
1 2 
=p a) h 
z aed aa a arderea 16’ 
p-B 
2n 1 "T 
aea ie RIA UE mcd MERE davts see stirs 56 
21 1 , 
TET E A A RE T O E T 45 
72 tmy ns plies Mis Ae gett. ae 46 
2m 1 
-— $-d-my-dct-2z44wz0, ............. 15.26.34 
n(p-— a) n 
1 2l " 
1 Yi tur A eiu a P 16.24.35 
1 21 
wF ead maa ad dete oo AS. 14.25.36 
Lap Bas ah iiec dba ded vila 65' 
2m m 
le abe 2 P AERE Case ARR 46' 
z my -7 e+ 0 "o pe qe dtd d 45 
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(1) - QD my su, desierto Lco FE aoi RR 16.25.34 
(m,) Ng Ru D ye hatepaifes 0, gh dec Vaga s uod nad iiie. 15.24.36 
(n) w+ iy- seuco, E E E EE 14.26.35 
(p .— e T ny + mz + [mn (p — a) — 21 (1 — m? — n*)] —— - 0, eA EPE 51’ 
p—a ptB 
(q) na — A else [ nl (p-a) -3n(1- w^ - Drs IEEE 35/ 
(r) me + ly ~ e [Im(p- 2) -nQ -ë — my] 3-9 ... 18.25.46 
(p) ~ ta tz |a 079-1 E 3) | p37 Padi 26’ 
(q) ig Ha TES E (p a2 (1-5 E P) g= ...16.23.45 
() ———Ó 1+ |im® a) = (1 - IP T 63' 
(p) -27 ex et —Imn| 7 (1-4 *)(p—a)= A 7 PAM. 25’ 
@) Z-Pz*y«] -m| > (1 -3 - g)-2- Ea 15.23.46 
(r) TERETE 2 -L)b-29- aleg M bo 53' 
(p) -P ny ems [1 (1-nà—w?)(p-4) - 2mn] 5-0, AE S 61’ 
(q) nz — P y els — p [m(1- se )(p—a)—2nl 5-0, m 36' 


í —bB-9, ll [n(1— L- m)(p—a)—2Im ] — =0....13.26.45 
(r) mat+ly 3 4 mb P —m?)(p—a) i ArT 0. ...18.26 


In fact, representing the several functions on the left-hand side of these equations 
respectively by the letters placed opposite to them respectively, the function U is 
expressible in the sixteen forms following 

U = wff + k£ys, 
wes + knee, 
= whh + ktzy, 
woe + kéng, 
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= w ll, + kyze, 
= wmm,+ kzxy, 
= wnn, + kxyz, 
= w ll + kyza, 
= wmm + kzxy, 
= wnn + kxyz, 
= w pp, + A€yz, 
= w qq, + knzx, 
= w rr, + kéxy, 
= w pp, + kéyz, 
= w qq, + knzx, 
= w rr, + k&xy, 


(being the forms containing w, out of a complete system of one hundred and twenty 
different forms). 


The forty-five planes pass five and five through the twenty-seven lines in the 
following manner: 


(a) (w, 5 & x, 3) ...12, (a0 (5g, B,1, 1] yak,” (0) (x, m$, 5; oP), 


) 
(b) Qo y, m y, 2) % Q0 (, h, T, m m)..24,— (5) (o m l, rp) 5, 
(e) (w, v, 62, SE Lu a0 a T3 vH Ye dax Lu 5 qa, 


(ax) (E, f 
(b,) Op E 9, Gq)... 23, (5) (y b, £ ,m, m)... 4, (bs) (y, n, 
(a) (E B, 0 r,r)b..- Bu ae T: g;.*X,—J).. V i ee if 


A 0, P, pJ.- 2, (ds) (x, g, h ? l , LÀ I 56, (ag) (x, m, n, q,; Ry). 36, 
SENE, Pye d0, 


,U Pe oe 16, 


(a) (E £,0 p, p) ah @) (x, 1; fq, 5)...98) (a) (x, 12, 5, d, 2). 46, 
(bs) (m, g 8, q, Hs 3, (be) Gy, aol " "$T P (5) (y, n, weer 6, 


(6), hb, & r, £)...18, (0 (1,8, p.81, SAE, | ae a 


where each line may be represented by the letter placed oppositive to the system 
of planes passing through it. The twenty-seven lines lie three and three upon the 
forty-five planes in the following manner: 

(w) abc, — (f) abe, (1) «be, (p abo, 

(0) ab, (B) bo, (m) bea,  (q be 

(8)  as5,6;, (h) csasbs, (n) «4b, (r) cb, 
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(v) amm, (f) abo, (1) ab (p obo, 
(y ) b b, bs, (g) O Cide, (m) b,csds, (q) Bulg, 
(2). 660,0; (B) oca,b5, (n) cab, (D) o0. 
(E) aam, (x) ama, (1) «e, (p) abe, 
(n) b, by bs, (y) b  b,b,,. (m) b,c,;, (q,) b.c, 
(5) C; C2 C5; (z) Cı Cy C7, (n,) CsAydz, (xj) C304b, , 
(x) A Agy , (1) Q45465, (p) Abas, 
(y) b, bsbo, (m,) b,csds, (q) DsCoMtg, 
(z 06606, (n) cm (T) Cag. 


The preceding method was the one that first occurred to me, and which appears 
to conduct most simply to the actual analytical expressions for the forty-five planes; 
but it is worth noticing that the relations between the lines and planes might have 
been obtained almost without algebraical developments, if we had supposed that P, 
instead of representing a proper surface of the second order, had represented a pair 
of planes. This would have conducted at once to one of the one hundred and twenty 
forms U, e.g. U —w60--k£nt. Or changing the notation so as to include k in one of 
the linear functions, U — ace — bdf, and it is indeed obvious à priori, by merely reckoning 
the number of arbitrary constants, that any function of the third order can be put 
under this form. If we suppose a= pb to be the equation of one of the triple tangent 
planes through the intersection of the planes a and b, the plane a-— 4b meets the 
surface in the same lines in which it meets the hyperboloid uce— df —0, that is, the two 
lines in the plane are generating lines of different species, and consequently one of 
them meets the pair of lines cd and ef, and the other of them meets the pair of 
lines çf and de (where cd represents the line of intersection of the planes c= 0, d. — 0, 
&c.. This suggests a notation for the lines in question, viz. each line may be repre- 
sented by the three lines which it meets, or by the symbols ab.cd.ef and ab.cf.de. 
Or observing that p has three values, and that the same considerations apply mutatis 
mutandis to the planes through bc and ca, the whole system of lines may be repre- 
sented by the notation, 


ab, ad, af, 

cb, cd , cf, 

eb, ed , ef, 
(ab.cd.ef), (ab.cd.ef), ^ (ab.cd.ef), 
(ad . cf . eb ),, (ad . cf. eb), (ad . cf. eb ),. 
(af.cb.ed), ^ (af.cb.ed), (af.cb.ed), 
(ab . cf. ed ),, (ab . cf. ed )., (ab . cf. ed )s, 
(ad.cb.ef), ^ (ad.cb.ef), (ad.cb.ef), 


(af. cd . &b j, 


(af. cd . eb )a, 


(af . cd . &b J, 
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where the last eighteen lines have been divided into two systems of nine each. The 
five planes through (ab.cd.ef), may be considered as cutting the surface in 


ab; (ab.cf.ed),, 
cd; (af.cd.eb),, 


ef ; (ad.cbh.ef),, 
(ad . cf. €b),; (af.cb.ed)s, 
(ad. cf. eb); (af.cb.ed.),, 


(which supposes however that the distinguishing suffixes 1, 2, 3, are added to the 
different planes according to a certain rule) And similarly for the lines in the planes 
through the other lines represented by symbols of the like form. The five planes 
through ab intersect the surface in the lines 


cb, eb, 

ad, af, 
(ab . cd . ef), (ab. cf. ed), 
(ab.cd.ef), (ab.cf.ed), 
(ab.cd.ef),  (ab.cf.ed)s, 


and similarly for the planes through the other lines represented by symbols of a like 
form. 


Observing that £, n, £, correspond to b, d, f, and w, 0, 0, to a, c, e respectively, 
ab corresponds to the intersection of w and & ie. to a, &c.; also (ab.cd.ef), 
(ab.cd.ef), (ab.cd.ef), correspond to three lines meeting a, b, and c, ie. to 
ds, G7, d, &c.; and the system of the twenty-seven lines as last written down corre- 
sponds to the system, 


m, b, G, 
Qa, ba, Ca, \ 
Qs, b, 6, 
Gs, Gz, Qs, 
bs, b, bg, 
Cs, Cr, C9, 


C, , Ce, Cg. 


The investigations last given are almost complete in themselves as the geometrical 
theory of the subject: there is however some difficulty in seeing à priori the nature 
of the correspondence between the planes which determines which are the planes which 
ought to be distinguished with the same one of the symbolic numbers, 1, 2, 3. 
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There is great difficulty in conceiving the complete figure formed by the twenty- 
seven lines, indeed this can hardly I think be accomplished until a more perfect 
notation is discovered. In the mean time it is easy to find theorems which partially 
exhibit the properties of the system. For instance, any two lines, a,, b, which do 
not meet are intersected by five other lines, d», b,, as, a, dy, (no two of which meet). 
Any four of these last-mentioned lines are intersected by the lines a,, b, and no other 
lines, but any three of them, e.g. as, a, a, are intersected by the lines aq, b, and by 
some third line (in the case in question the line c. Or generally any three lines, no 
two of which meet, are intersected by three other lines, no two of which meet. 
Again, the lines which do not meet any one of the lines as, ay, dy, are a, a5, bs, b, Ci» C2: 
these lines form a hexagon, the pairs of the opposite sides of which, a, bi; a3, G; 
bs, Ca, are met by the pairs a,, bz; c, a and a, bz, respectively, viz. by pairs out of the 
system of three lines intersecting the system ds, a; a. And the lines as, a;,, a, may 
be considered as representing any three lines no two of which meet. Again, consider 
three lines in the same triple tangent plane, e.g. a, bi, ¢, and the hexahedron formed 
by any six triple tangent planes passing two and two through these lines, e.g. the 
planes æ, y, z, & n, €& These planes contain (independently of the lines a, b, ¢,) the 
twelve lines ds, Qs, Q4, Qs, b, Os, by, bs, Co, Cs, Ca, Cse Consider three contiguous faces of 
the hexahedron, e.g. æ, y, z, the lines in these planes, viz. a, bs, Cs, Qs, ba, Cs, form a 
hexagon the opposite sides of which intersect in a point, or in other words these six 
lines are generating lines of a hyperboloid. The same property holds for the systems 
27,0; E, y, E; £ n, z. But for the system £, s, € the six lines are ay, ba, Ca, and 
ds, bs, C3, which form two triangles, and similarly for the systems £, y, z; æ, n, z; and 
t, y, £; so that the twelve lines form four hexagons (the opposite sides of which inter- 
sect) circumscribed round four of the angles of the hexahedron, and four pairs of triangles 
about the opposite four angles of the hexahedron. The number of such theorems might 
be multiplied indefinitely, and the number of different combinations of lines or planes 
to which each theorem applies is also very considerable. 


Consider the four planes a, É, x, x, and represent for a moment the equations of 
these planes by + Aw — 0, «+ Bw — 0, z 4- Cw —0, 2+ Dw — 0, so that 


1 2 

T pepe 

3s B yi! diia | l(p—2a) - 2mn Da mn 

A=0, B=z(m z) 3r Er aider i Pate EY A 

By the assistance of 
B- C= a lin (p— 2) + 2m] [Im (p — 2) + 2n], 
it is easy to obtain 

(4—0)(D—B) ,,,2—8 [L (p — a) + 2mn] [m (p — a) + 2nl] [n (p — a) + 20m] 
(A-D)(B- 0) - "pF B [mn (p — a) + 2l] [nd (p — a) + 2m) [Im (p — a) + 2n]' 
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which remains unaltered for cyclical permutations of J, m, n, ie. the anharmonic ratio 
of a, & x, x is the same as that of y, y, y, y, or z, & z, Z; there is of course no 
correspondence of x to y or & to 9, &c., the correspondence is by the general pro- 
perties of anharmonic ratios, a correspondence of the system a, É, x, x, to any one of 
the systems (y, n, y, y) or (n, y, y, y» or (y, y, Yy, n), or (y, y, n, y), indifferently. 
The theorems may be stated generally as follows: “Considering two lines in the same 
triple tangent plane, the remaining triple tangent planes through these two lines 
respectively are homologous systems." 


Suppose the surface of the third order intersected by an arbitrary plane. The 
curve of intersection is of course one of the third order, and the positions upon this curve 
of six of the points in which it is intersected may be arbitrarily assumed. Let these 
points be the points in which the plane is intersected by the lines a, b, a, bg, Ce, ds; 
or as we may term them, the points a, bı, dg, bg, Ce, a..() The point c, is of course the 
point in which the line a,b, intersects the curve. The straight lines abgcg, dices, Caleb, 
and a4b,,, OsCsde, Cydgbg, Show that c, and b, are the points in which asbes, and a,c, inter- 
sect the curve, and then b, and c, are determined as the intersections of a,c,, a4b, with 
the curve. The intersection of the lines b,c, and b,c, (which is known to be a point 
upon the curve by the theorem, every curve of the third order passing through eight 
of the points of intersection of two curves of the third order passes through the 
ninth point of intersection) is the point a, The systems ay, by, Ca; Qe, bs, Ce; s, Os, Ce, 
determine the conjugate system as, bs, Cs) Qy, br, Cr; dy, by, Co; by reason of the straight 
lines a,a405, b,b,b,, c,0,05; 0,0405, bibebr, C1CeCr; Arey, Dibaba, CiCeCo, viz. As is the point where 
aa, intersects the curve, &c. The relations of the systems (as, bs, Ca; a5, Ds, Cs), (as, be, Ce; 
G7, br, Cr), (Ag, Os, Ca; Gy, bo, Co) to the system a, b, Ci; Ge, by, Ca; Qs, bs, Cs are precisely 
identical. It is only necessary to show how the points a, b, Cz; ds, bs, c, of the 
latter system are determined by means of one of the former systems, suppose the 
system de, b, Ce; Qr, br, Cr; and to discover a compendious statement of the relation 
between the two systems. The points œ, b, Ci; de, Oz, Ca; As, bs, Cs; Qe, bg, Ce; Az, by, Cr, 
are a system of fifteen points lying on the fifteen straight lines a,b,c, abc, a5, 
Ay Meg, Dibabs, C1CaCs, AyAgAtz, bibebr, C1CeCr, Agb;Cy, OsCrAe, CsAybe, AabeCr, b,0,07, CxMtgb,, viz. the nine 
points a, b Ci; Qa, bz, Co; as, bs, cs are the points of intersection of the three lines 
AbC, Azb.C,, A3b,cs with the three lines mas, b,b,b,, &,0,0, and the remaining six points 
form a hexagon dgb,cea;bgc;, of which the diagonals asaz, bebr, c,c, pass through the points 
a, b, c, respectively, the alternate sides a,b,, c4, and bsc, pass through the points 
C>, b2, a, respectively, and the remaining alternate sides b,&,, arbe, and c,a, pass through 
the three points a3, b, cs respectively. The fifteen points of such a system do not 
necessarily lie upon a curve of the third order, as will presently be seen: in the 
actual case however where all the points lie upon a given curve of the third order, 
and the points a), b, (3; d$, 0, 6; à,, bj, c, are known, dy, be, G: Qs, bs c are the 
intersections of the curve with bc, cw, agb;, b,Cs, Cre, a,b, respectively, and the fact 


1 In general, the point in which any line upon the surface intersects the plane in question may be repre- 
sented by the symbol of the line, and the line in which any triple tangent plane intersects the plane in question 
may be represented by the symbol of the triple tangent plane: thus, a,, b,,.¢, are points in the line a,b,c,, or in 
the line w, &c. 


www.rcin.org.pl 


76] SURFACES OF THE THIRD ORDER. 455 


of the existence of the lines a,b,c,, deb.C., AsbsC3, aads, b,b,b,, c,c.c, is an immediate 
consequence of the theorem quoted above with respect to curves of the third order— 
a theorem from which the entire system of relations between the twenty-seven points 
on the curve might have been deduced à priori. But returning to the system of 
fifteen points, suppose the lines a,b,c, a4b,c., ybscz, and Maas, b,b,b,, and also the point 
a, to be given arbitrarily. The point a, lies on the line a,a,, suppose its position 
upon this line to be arbitrarily assumed (in which case, since the ten points a,, Qs, ds, 
bi, be, bs, Ci, Co, Cg, are sufficient to determine a curve of the third order, there is no 
curve of the third order through these points and the point a,). If the points 


bs, Cs, br, c; can be so determined that the sides of the quadrilateral 0,b,c,c,, viz. 
Deby, bc, CoCr, c;b, pass through the points bı, a;, c,, a, respectively, while the angles 
b, bz, Ce, c; lie upon the lines a;6, aC,, ab, and a,b, respectively, the required condi- 
tions will be satisfied by the fifteen points in question; and the solution of this 
problem is known. I have not ascertained whether in the case of an arbitrary position. 
as above of the point a,, it is possible to determine a complete system of twenty- 
seven points lying three and three upon forty-five lines in the same manner as the 
twenty-seven points upon the curve of the third order; but it appears probable that 
this is the case, and to determine whether it be so or not, presents itself as an 
interesting problem for investigation. 


Suppose that the intersecting plane coincides with one of the triple tangent planes. 
Here we have a system of twenty-four points, lying eight and eight in three lines; 
the twenty-four points lie also three and three in thirty-two lines, which last-mentioned 
lines therefore pass four and four through the twenty-four points. If we represent by 
a, b, c, d, a’, VU, c, d and a, b, c, d, a’, b’, c&', d, the eight points, and eight points 
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which lie upon two of the three lines (the order being determinate), the systems of 
four lines which intersect in the eight points of the third line are 


(aa, bb, cc, dd), (va, Ob, cc, dd’); 
(ab, ba’, cd, de), (ab, (Wai, sed’, .de'); 
(ac’, ca’, db, Ud) (ac; Ha POET". tan). 
(ad’, da’, bc, cb) (ad, da, bc, cb’): 
the principle of symmetry made use of in this notation (which however represents the 


actual symmetry of the system very imperfectly) being obviously entirely different from 
that of the case of an arbitrary intersecting plane. The transition case where the 


intersecting plane passes through one of the lines upon the surface (and is thus a double 
tangent plane) would be worth examining. It should be remarked that the preceding 
theory is very materially modified when the surface of the third order has one or 
more conical points; and in the case of a double line (for which the surface becomes 
a ruled surface) the theory entirely ceases to be applicable. I may mention in con- 
clusion that the whole subject of this memoir was developed in a correspondence with 
Mr Salmon, and in particular, that I am indebted to him for the determination of 
the number of lines upon the surface and for the investigations connected with the 
representation of the twenty-seven lines by means of the letters a, c, e, b, d, f, as 
developed above. 
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